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Introduction

Definition | [Chaitin 2 number] Let U be an optimal prefix-free machine.

) = Z 2_|p|.

peDomU

Chaitin proved €2 to be random by discovering the fact that the first n bits
of €2 can solve the halting problem of U for inputs of length at most n.

Chaitin also defined variants of 2 as follows, and showed they are also

random:
3 Q—H(S),
s€{0,1}*
where, H(s) is the program-size complexity of s, and

Z 2_|p| and Z 2_H(3)7
pEU_]-(A) seA

where A is an arbitrary infinite r.e. subset of {0, 1}*.



Introduction

In this talk, we introduce a new variant © of Chaitin €2 number as follows.

Definition

O = 3 o—lsl,

s is compressible



Preliminaries: Program-size Complexity

Definition | [prefix-free machine] A partial recursive function M: {0,1}* —

{0,1}* is called a prefix-free machine if Dom M is a prefix-free set. L]

Definition| For any prefix-free machine M and any s € {0,1}%,

Hp(s) i=miﬂ{lp|(pE{O,l}*&M(p)=s}- ]

Definition | [optimal prefix-free machine] A prefix-free machine U is called

optimal if, for each prefix-free machine M, there exists d € N such that, for

every s € {0,1}*,
Hyr(s) < Hp(s) + d. ]

Definition | [program-size complexity] We choose a particular optimal prefix-

free machine U as a standard one. Then the program-size complexity (or
Kolmogorov complexity) H(s) of s € {O,1}* is defined by

H(S) .= HU(S). L]




Preliminaries: Chaitin €2 Number

Definition | [Chaitin randomness, Chaitin 1975]
We say a € R is Chaitin random if n < H(aln) + O(1) for all n € NT.

Here, ofyn is the first n bits of the base-two expansion of «a. [ ]

Definition | [Chaitin €2 number, Chaitin 1975]

o If 2[, is given, then one can calculate the list of all halting inputs for U
of length at most n (i.e., DomUl).

o If 2|, is given, then one can calculate a string s, € {0,1}* with H(sp) > n.

Theorem| [Chaitin 1975] £ is Chaitin random. L]




New Variant of Chaitin €2 Number



Compressible Strings

Definition | [compressible string] A string s € {0,1}* is called compressible

if H(s) < |s| (i.e., if s is 1-compressible: H(s) < |s| — 1). L]

Fact| For every n € N, there exists an incompressible string of length n.

Proof)
The number of strings of length less than n is 2™ — 1 while the number of
strings of length n is 2™. H



New Variant of Chaitin €2 Number

Definition| [new variant © of Chaitin 2 number]

©:1= ) 2 Isl,

H(s)<|s]

where the sum is over all compressible strings s.

First of all, we have to check the convergence of ©.

o< Y 27HO < v 27HE <y 2= <1
H(s)<]|s| s€{0,1}* peDomU

Note that

> 218l = o,

H(s)>]s|
where the sum is over all incompressible strings s. This is because

Skl S 27bl= % 2||—22”2— = 0.

H(s)<]|s]| H{(s)>|s| s€{0,1}*



Randomness of New Variant 1

o If @, is given, then one can calculate the list of all compressible strings
of length at most n.

o If ©[, is given, then one can calculate a string s, € {0,1}* with H(sp) > n.

Theorem| © is Chaitin random. ]




Randomness of New Variant II

Proof of the theorem) Let s1,59,53,...... be a particular recursive enu-
meration of the r.e. set {s| H(s) <|s|}. Then © = ¥, 2~ Isil.

Procedure: Given ©[y,, one can effectively find kg which satisfies

ko
0.(O) < 3 27kl
1=1

This is possible because 0.(0],) < © and lim;_,. >k _; 2715l = ©. 1t follows
that
@)
S o7kl <2,
i=ko+1
Hence, n < |s;| for every i > kg. Thus,
{s| s is compressible of length <n} = {s1,52,...,5,,} N{0, 1}=7

Since an incompressible n bits string exists, by picking any n bits string ¢
which is not in the above set, one can obtain t € {0, 1}* such that

H(t) = |t| = n.
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Distribution of Compressible Strings

It would be important to evaluate how many compressible n bits strings

exist, i.e., to evaluate the number of elements in the set

{se€{0,1}"| |s|=n & H(s) <n}.

T heorem

#{s€{0,1}"| |s| =n & H(s) < n} = 2n~H(n)+0()

Solovay (1975) showed that

#{s € {0,1}* | H(s) < n} = 2n~H(n)+01)

The above theorem slightly improves Solovay’s result.
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A Genararization of ©

Definition
@a, i Z 2_|S|
H(s)<|s|—a
for any a € Z. Here, the sum is over all a-compressible strings s. [ ]

In the case of a =1, ©1 = ©.

Let a € Z. It is easy to show that, for all sufficiently large n € N, there
exists an n bits string s such that H(s) > |s| —a (i.e., s is a-incompressible).

For example, this follows from the Solovay’s result.

Thus, based on this fact, we can show the following theorem in the same
manner as the proof of the randomness of ©.

Theorem| ©, is Chaitin random for every a € Z. [ ]
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Another Proof of the Randomness of ©,
based on Universal Martin-Lof Test
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Universal Martin-Lof Test

For any subset G of {0,1}*, the subset I(G) of [0,1) is defined by
Q)= | 1(s),

seG
where I(s) = [0.s,0.5 + 27Is)).

Definition | [Martin-L6f randomness] A subset C of Nt x {0,1}* is called a
Martin-L Of test if C is an r.e. set and
VneNT  L(I(Cn)) <277,

where L is Lebesgue measure on R and C, = {s ) (n,s) €C }
For any a € R, we say that « is Martin-Lof random if for every Martin-
L&F test C, there exists n € NT such that a — |«a] ¢ I(Cn). []

Definition | [universal Martin-Lof test] A Martin-LOf test U/ is called universal
it

() I(Cn) C () I(Un)
n=1 n=1

for every Martin-Lof test C. L]
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Another Proof I

We give another proof of the randomness of ©,, with n &€ N+, based on the
property of universal Martin-LoOf test.

On the one hand,
Theorem| [KuCera & Slaman 2001] Let ¢4 be a universal Martin-Lof test.
Then £(I(Uy)) is Chaitin random for every n € NT. ]

On the other hand,
Theorem| [Schnorr 1973] For every a € R, « is Martin-Lof random if and
only if « is Chaitin random. [ ]

In other words,
Theorem | [Calude’s book, Nies's book] The set

R ={(n,s) e NT x {0,1}* | H(s) < |s| —n}

is a universal Martin-Lof test. ]
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Another Proof II

Theorem| ©,, is Chaitin random for every n € NT. ]

Another proof of the above theorem)

Let n € NT. By the previous two theorems, £(I(Ry)) is Chaitin random.
Since the set of all n-compressible strings does form a prefix-free set, note
that

H(s)<|s|—n

differs from
LUI(Rn)) = LU s | H(s) < |s| —n})).
However, we can show that
On = E(I(Rn)) +
for some left-computable real v. Since ©,, and L(I(R,)) are left-computable,

the result follows. ]

16



Two Generalizations of © to a Partial Random Real
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Partial Randomness

QO = Z 2>~15 is a random real.
H(s)<]|s|

By introducing real parameter T with 0 < T' < 1 to ©, we can introduce
partial random reals whose compression rate is T' in the following two man-
ner.
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Generalization ©(T) of © to a Partial Random Real

Definition| [frist generalization of O]

o) = > 2_|_;|

H(s)<]|s]|
for each real T' > 0.

Inthecaseof T=1, ©(1) = ©.

T heorem
(i) FO< T <1 and T is computable, then

H(O(T)In) =Tn+ O(1)

and therere
H T
I (@( )rn)

(ii) If 1 < T, then ©(T) diverges to oo.

=1T.

19



Generalization ©(T) of © to a Partial Random Real

Definition | [second generalization of O]

o = Y 27l

for each real T > 0.

In the case of T =1, ©(1) = ©.

T heorem
(i) FO<T <1 and T is computable, then

H(S(T)In) =Tn+ O(1)

and therere

i H(O(M)In)

(i) If 1 < T, then ©(T) diverges to oo.

=1T.
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Summary

Definition

T heorem

[new variant © of Chaitin 2 number]

e = Z 2_‘3‘_

H(s)<|s|

@ is Chaitin random.
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